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Abstract. We show the existence of a compact metric space K such that 
whenever K embeds isometrically into a Banach space Y, then any separa- 
ble Banach space is linearly isometric to a subspace of Y, We also address 
the following related question: if a Banach space Y contains an isometric 
copy of the unit ball or of some special compact subset of a separable Ba- 
nach space X, does it necessarily contain a subspace isometric to XI We 
answer positively this question when X is a polyhedral finite-dimensional 
space, Co or l\. 



1. Introduction 

This paper is motivated by questions about universal Banach spaces. In 
1927, P.S. Urysohn [9] was the first to give an example of a separable metric 
space U such that every separable metric space is isometric to a subset of U (we 
say that U is isometrically universal). However the foundation of the questions 
about universal Banach spaces is the theorem of S. Banach and S. Mazur [2] 
asserting that every separable Banach space is linearly isometric to a subspace 
of C([0, 1]) and therefore every separable metric space is isometric to a subset 
of C([0, 1]). It is then natural to wonder what are the Banach spaces that are 
isometrically universal for smaller classes of Banach spaces or metric spaces. 
For instance, G. Godefroy and N.J. Kalton proved very recently in [5j that if a 
separable Banach space contains an isometric copy of every separable strictly 
convex Banach space, then it contains an isometric copy of every separable 
Banach space. On the other hand, in another recent work, N.J. Kalton and the 
second named author showed that every metric space with relatively compact 
balls embeds almost isometrically into the Banach space cq. The main result 
of this paper is that a Banach space containing isometrically every compact 
metric space must contain a subspace linearly isometric to C([0, 1]). 

The techniques that we use come from classical results on isometries between 
Banach spaces. The first of them is of course the well known result of S. Mazur 
and S. Ulam [8] who proved that a surjective isometry between two Banach 
spaces is necessarily affine. In other words, the linear structure of a Banach 
space is completely determined by its isometric structure. Then, one naturally 
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wonders about what can be said when a Banach space X is isometric to a 
subset of a Banach space Y. The first fundamental result in this direction is 
due to T. Figiel who showed in [3] that if j : X — > Y is an isometric embedding 
such that j(0) = and Y is the closed linear span of j(X), then there is linear 
quotient Q : Y — > X of norm one and so that Q o j = Idx ■ More recently, as 
an application of their work on Lipschitz-free Banach spaces, G. Godefroy and 
N.J. Kalton [I] could use Figiel's result to prove that if a separable Banach 
space is isometric to a subset of another Banach space Y, then it is actually 
linearly isometric to a subspace of Y. Let us mention that this is not true in 
the non separable case and that counterexamples are given in [I]. 



In section 2 we recall the necessary background on Lipschitz-free Banach 
spaces. We also state the version of Theorem 3.1 of [4] that we shall use in 
the sequel. In section 3 we prove the main result of the paper. More precisely, 
we produce a compact subset K of C([0, 1]) such that any Banach space 
containing an isometric copy of Kq must contain a subspace which is linearly 
isometric to C([0, 1]). We also show how our technique can be combined with 
the results of G.M. Lovblom in |7] on almost isometries between C(K)-spsices. 

Finally, let us say that M is an isometrically representing subset of the 
Banach space X if any Banach space Y containing an isometric copy of M 
contains a subset which is isometric to X. Notice that if M is an isometrically 
representing subset of a separable Banach space X, then it follows from the 
result of Godefroy and Kalton that any Banach space containing an isomet- 
ric copy of M has a subspace which is linearly isometric to X. In the last 
section we produce compact isometrically representing subsets for the finite 
dimensional polyhedral spaces and for l\. We also show that the unit ball of 
Cq isometrically represents the whole space. 



We begin this section with a localized version of Theorem 3.1 and Corollary 
3.3 in [3J. We use the same notation as in [3J but recall them for the seek of 
completeness. 

Let (E, d) be a metric space with a specified point that we denote as 0. For 
Y a Banach space and / : E -^Y we write 



The space Lip (E) is the space of all f : E M such that /(0) = and 
\\f\\L < oo equipped with the norm || • ||^. It turns to have a canonical predual 
T{X) which is the closed linear span in the dual of Lipo(E) of the evaluation 
functionals 8(x) defined by S(x)(f) = f(x), for all / in Lip (E) and x in 
E. If Y is a Banach space and g : E — > Y is a Lipschitz map, then there 
exists a unique linear operator g : J-{E) — > Y such that g o 5 = g. Moreover 
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ll^ll = IMU- I n particular, when E is a Banach space, applying this to the 
identity map on E, we see that 5 admits a norm-one linear left inverse (3. 

When F is a subset of E which contains 0, we denote by J-'e(F) the closed 
linear span in J-"{E) of the evaluation functionals 5(x), x G F. Since, by inf- 
convolution, any real valued Lipschitz function on F can be extended to the 
whole space E with the same Lipschitz constant, it is clear that the spaces 
.Fe(-F) and T{F) are canonically isometric. 

In our first lemma, we rephrase Theorem 3.1 of [I] for our particular purpose. 

Lemma 2.1. Let X be a separable Banach space. Let F be a closed convex 
subset of X such that G F. We assume that the closed linear span of F is 
X. Then there exists an isometric linear embedding T : X — ► Tx{F) such that 
(3 oT is the identity map on X . 

Proof. Since X is separable, there exists a sequence (x n )n>i in F which is total 
in X and such that the set {YlkLitk x k ] < < 1 for all k} is a compact 
subset of F. We introduce the Hilbert cube 

H n = {(tk)T=i I < t fc < 1 for all k and t n = 0} 

endowed with the product Lebesgue measure A n . Following the proof of The- 
orem 3.1 in [1], we define 

<f) n = 5 (x n + - 8 {^2,t k X]}j d\ n (t) 

Our choice of (x n ) ensures that (fi n G J-'x(F). As proved in Theorem 3.1 in [I], 

the map x n \— > <p n extends to a norm-one linear operator T from X to 

such that (3 o T is the identity map on X. □ 

From this, we derive the main statement of this section. 

Theorem 2.2. Let X and Z be Banach spaces. Assume that X is separable. 
Let F be a closed convex subset of X , containing and such that the closed 
linear span of F is X . Let j : F Z be an isometric embedding such that 
j(0) = 0. Assume also that there exists a linear operator Q : Z — > X satisfying 
\\Q\\ < 1 and (Q o j)(x) = x for any x G F. Then X is linearly isometric to a 
subspace of Z . 

Proof. Let T : X — ► Tx{F) be the operator given by Lemma 12.11 Let j : 
3~x{F) — >• Z be the linear operator defined by j o 5 = j. For any x G F, 
we have Q o j o 8(x) = Q o j(x) = x = (3 o 8(x). Hence, by linearity and 
continuity, Q ° = /?(//) for fi G Fx{F). Since T(X) C Tx{F), we have 
Qojo T(x) = (3 o T(x) = x for any x G F and thus, again by linearity and 
continuity, for any x G X. Finally, the fact that Q is a contraction implies 
that j oT : X — > Z is a linear isometric embedding. □ 
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3. Isometric Embeddings of spaces of continuous functions 

We begin this section with the main result of this paper. 

Theorem 3.1. Let (R, d) be a compact metric space. Then there is a compact 
subset K of C(R) such that whenever K embeds isometrically into a Banach 
space Y, then C(R) is linearly isometric to a subspace ofY. 

Proof. We may assume that the diameter of (R, d) is less than or equal to 1. 
Then we consider K = {/ G C{R), WfW^ < 1 and ||/|| £ < 1}. Let Y be a 
Banach space and assume that j : K — + Y is an isometry such that j(0) = 0. 
We denote F = K/5 and Z the closed linear span in Y of j(F). In view of 
Theorem 12. 2\ it is enough to build a continuous linear map Q : Z — > C (R) 
such that \\Q\\ < 1 and for any ip G F, (Q o j)((p) = (p. Our construction is 
adapted from a work of T. Figiel [3 J that was already used in [4j. 
For s,t G R, we define (ft(s) = 1 — d(s,t). For t in R, the functions ip t and 
—ipt clearly belong to K and ||j(Vt) ~j(~ i Pt)\\ — 2. Thus we can pick y* t G Y* 
such that ||y*|| = 1 and y^(j(ip t ) — j(— ipt)) = 2. Since j is an isometry and 
j(0) = 0, we clearly have: 

(3.1) VteR VAG[-1,1] (y* t oj)(\p t ) = X. 
To conclude our proof, it will be enough to show that 

(3.2) Vt G R G F (y* t oj)(<p) = <p(t). 

Indeed, we could then define for y G Z, Q(y) = {yliy))teR- It clearly follows 
from (13. 2p that Q is a continuous linear map from Z to C(R) such that \\Q\\ < 1 
and (Q o j)((p) = (p for all (p G F. 

So let us assume that there exist t G R and <p G F such that (yt°j)( i p) 7^ 

We set ip — (p — {yl o j)(<p)<p t . Since Halloo < 1/2 and ^(t) 7^ 0, there exists 

u G {-2,2} so that 

0< (<p t -uif)){t) < 1. 
Besides, H^IU < 1/2 and the diameter of i? is less than or equal to 1, so for 
any s G R: 

-1 < 1 - d(s,t) - uijj(s) = (<p t - uip)(s) < (<p t - uip){t) < 1. 

Hence 

1 1 

(3-3) -||oo = \W ~ (iVt °3)(<P) + -)vt\\oo < - 

u u 2 

Note that A = (y* o j)((p) + J G [-1,1]. So d3HJ yields: 

\ = M oj)(<p) - A| = o j)(ip) - o j)(A^)| <\\<p- MHoo. 
This is in contradiction with inequality (13. 3p . 

□ 
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From the universality of C([0, 1]), we immediately deduce the following. 

Corollary 3.2. Consider the following compact subset of C([0, 1]): 

K = {fe C([0, 1]), ||/ |U < 1 and ||/ |U < 1}. 

If a Banach space Y contains an isometric copy of Kq, then it contains an 
isometric copy of any separable metric space and any separable Banach space 
is linearly isometric to a subspace ofY. 

It is now natural to ask if a metric space that is isometrically universal for 
all metric compact spaces is isometrically universal for all separable metric 
spaces. The next proposition shows that, for elementary reasons, this is not 
the case. 

Proposition 3.3. There exists a separable metric space V such that every 
separable and bounded metric space is isometric to a subset of V but so that 
R cannot be isometrically embedded into V. 

Proof. Let B denote the unit ball of C([0, 1]). Notice first that rB contains an 
isometric copy of all separable metric spaces with diameter less than r. Let 
V be the disjoint union of the sets V n = nB, for n G N. We now define a 
metric d on V as follows. On V n , d is the natural distance in C([0, 1]). For 
n 7^ m, f G V n and g G V m , we set d(f,g) = \\f\\oo + 1 + \\g\\oo- It is clear that 
(V, d) is a separable metric space which is universal for all separable bounded 
metric spaces. On the other hand, any connected component of V is bounded. 
Therefore R does not embed isometrically into V. □ 

We shall now combine Theorem 13.11 with a result of G.M. Lovblom [7j on 
almost isometries between C(K) spaces to obtain 

Corollary 3.4. Let R and S be compact metric spaces. Assume there exists 
a Lipschitz embedding F of the unit ball of C(R) into C(S) such that 

15 

V/,0 G Bcm ^\\f-9\\< II W) - F(g)\\ <\\f-g\\. 
Then C(R) is linearly isometric to a subspace of C(S). 

Proof. We may assume that F(0) = 0. Using Theorem 2.1 in \7] for the 
particular value of e = ^ , we obtain an isometry j : \Bc(r) — > Bc(s)- 
In particular, the set of functions on R such that both the supremum and 
the Lipschitz norms are less than or equal to | isometrically embeds into 
C(S). Then it follows from our previous proof that C(R) embeds linearly 
isometrically into C(S). □ 
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4. Isometric ally representing subsets 

In this section, we address the following problem: given a separable Banach 
space X, we look for a small subset K of X such that whenever K iso metrically 
embeds into a Banach space Y, then X embeds linearly isometrically into Y. 
We remind the reader that we call such a set K an isometrically representing 
subset of X. We shall restrict ourselves to considering K to be a compact 
subset of X or the unit ball of X. 

We start with a finite dimensional result. 

Theorem 4.1. Let X be a finite dimensional polyhedral Banach space. Then 
the unit ball of X is an isometrically representing subset of X . 

Proof. Let j : Bx — > Y be an isometric embedding such that j(0) = 0. 

Let x{,..,xl G S x * so that B x = nf =1 {o; G X, \x*(x)\ < 1}. After removing 

some of the x*'s if necessary, we may and do assume that 

Vz G {l,..,k} 3xi G Sx, x*{xi) = 1 and V/ ^ i \x*(xi)\ < 1. 

Then 

(4.4) 3r G (0, -] G X Vi G {1, .., A;} \\x - Xi\\ < 4r =>- \\x\\ = x*(x). 

We now imitate the proof of Theorem 13. II with the Xj's playing the role of the 
functions (ft- So for 1 < i < k, we can pick y* G Sy* so that for any A G [—1,1], 
(y* o j)(Axj) = A. Assume now that x G rBx and (y* o j)(x) ^ x*(x). Then 
consider w = x — (y* o j){x)xi. Since ||2w|| < 4r and x*{w) ^ 0, it follows 
from (I4.4p that there is u G {—2,2} such that x*(x{ — uw) = \\xi — uw\\ < 1. 
Following the lines of our previous proof, we then get a contradiction. Thus 
we have 

(4.5) VxerBx Vi G {1, .., k} (y* o j)(x) = x*(x). 

It is clear that {x*}f =1 spans X*. So, if n is the dimension of X, we can pick 
i\ < .. < i n such that (sc* , .., x* n ) is a basis of X*. Denote {zi, .., z n } the basis 
of X whose dual basis is (a;* , ..,x* ). Now define 

n 

VyGF g(y) = 5^iC(l/)«m- 

m=l 

This map is linear and continuous from Y to X. It follows from (14.51) that 
(Q°j){x) = x for all x G rSx- Let now Z be the closed linear span of j(rBx). 
We also get from (14. 5p that 



WyeZ ViG{l, ..,*;} (^oQK^pfd,). 
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So, if y G Z, \\Q(y)\\ = supi \x*(Qy)\ = sup; \y*(y)\ < \\y\\. Hence, we are in 
situation to apply Theorem 12.21 and conclude that X is linearly isometric to a 
subspace of Z. 

□ 

As a consequence, we obtain a similar result for cq. 

Corollary 4.2. The Banach space cq is isometrically represented by its unit 
ball. 

Proof. Let (e k )k>i be the canonical basis of c , (e* k ) k >i the associated linear 
functionals and X n the linear span of {e\, .., e n }. Assume that j : B Co —>■ Y is 
an isometric embedding. Then let Z n be the closed linear span of j(^Bx n ) and 
Z be the closed linear span of j(^B CQ ). Notice that for any x G Co satisfying 
||^ — efc|| < |, we have that ||x|| = e* k (x). Then it follows from our previous 
argument that there exists a continuous linear map Q n : Z n — > cq such that 
\\Qn\\ < 1 and (Q n o j)(x) = x for all x G \Bx n - This clearly yields the 
existence of Q : Z — > c so that ||Q|| < 1 and (Qoj')(a;) = x for any x in \B C0 . 
The conclusion follows again from Theorem 12.21 □ 

In the case of £i, we need to use a completely different method to obtain 
the following. 

Proposition 4.3. The Banach space i\ admits a compact isometrically rep- 
resenting subset. 

Proof. For A C N, we define fi(A) = J2 keA 2~ k = \\ ^2 keA ^ k e k \\ ei where (e k ) 
stands for the canonical basis of t\. We denote by K the space of all subsets 
of N endowed with the metric d(A,B) = fi(A\B) + y,(B\A). It is clear that 
K is isometric to a compact subset of t\. 

Assume now that j : K — > Y is an isometric embedding of K into some 
Banach space Y. We may assume that j(0) = 0. For any n G N, we set 
y n = 2 n j({n}). Notice that ||y n || = 1. For any a = (a k ) G £i, we define 
Ta = a kUk G Y . T is clearly a norm-one operator. Moreover, given a G £%, 
we put P = {k ; a k > 0}, Q = {k ; a k < 0} and y* G Sy* such that 
y*(j(P) — j(Q)) = d(P,Q). Since all the triangle inequalities are equalities, 
we infer that y*(j{{p})) = 2~ p and y*(j({q})) = -2r q for any p G P, q G Q. 
Hence y*(Ta) = \ a k\ an d T is a linear isometric embedding. □ 

Questions. We leave open the following questions: 

(1) Is a Banach space always isometrically represented by its unit ball? 

(2) Does every separable Banach space admit a compact isometrically rep- 
resenting subset? 
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